This paper contains an algorithm, implemented in Magma, to compute singular plane algebraic curves. Two Magma functions are given: one computes linear systems of curves with non-ordinary singularities and the other computes a scheme of points such that there is a given degree plane curve with given singularities at these points. Some examples are presented so that the reader can quickly learn how to use the algorithm. One of them provides the construction of a new surface of general type with p g = 0 and K 2 = 7.
Introduction
In [Ri] , the author uses the Computational Algebra System Magma ( [BCP] ) to compute equations of some reduced plane curves which are highly singular. The purpose of this paper is to provide the method used in those computations on a "ready-to-use" form, so that one can construct its own curves with less effort.
Let L be a linear system of plane curves of degree d. To obtain a curve of L with given singularities, one imposes conditions to its elements. If the number of conditions is not greater than the dimension of L, one expects this curve to exist. The Magma function LinearSystem computes only linear systems of curves with ordinary singularities. To overcome this restriction, we define the function LinSys which calculates systems of curves having non-ordinary singularities. Now suppose that the function LinSys returns no sections (or returns a non-reduced curve). In this case the singular points may be in a special position. Let S be an algebraic scheme of points (p 1 , . . . , p n ) such that there is a curve (or a reduced curve) of given degree with given singularities at the points p 1 , . . . , p n (which may be infinitely near). If one is able to compute a point in S, then the singular curves can be computed using the function LinSys. In this paper we define a Magma function, CndSch, which gives such a scheme (of conditions) S.
The Magma code is given in Appendix A. We do not explain the algorithm in detail. Instead, we show its usage with some examples. To use the functions, the reader should copy the contents of the appendix to a file and write the magma line load "name of file"; or simply "copy-paste" to Magma.
The paper is organized as follows. In Section 2 we give an idea of the algorithm by working with a simple example. The algorithm is partitioned into three parts: the function LinSys, the procedure CndM t and the function CndSch, which are introduced in Sections 2.1, 2.2 and 2.3, respectively. In Section 3 we show how to use the algorithm by giving some examples. First we compute a reduced quintic curve having a double point which resolves to a cusp after 5 blow-ups. Secondly we compute one of the degree 10 curves given in [St] , which is the branch locus of a Godeaux double plane. Then we construct a reduced sextic curve with 10 infinitely near double points (such a curve has been given in [BRA] ). Finally Section 3.4 contains the construction of a reduced curve C such that the double plane ramified over C is a surface of general type with p g = 0 and K 2 = 7 having bicanonical map not factoring through the corresponding double cover. This is, to my knowledge, the first example of such a surface. Appendix A contains the code lines of the algorithm.
Notation
By curve we mean plane algebraic curve over the complex numbers. An (m 1 , m 2 , . . .)-point, or point of order (m 1 , m 2 , . . .), is a singular point of multiplicity m 1 , which resolves to a point of multiplicity m 2 after one blow-up, etc.
The rest of the notation is standard in algebraic geometry.
First example
In this section we give an overview of the algorithm presenting the following example. Consider a linear system of sextic curves through 4 given points. We show how to find a reduced element in this system having a (3, 3)-point and two tacnodes ((2, 2)-points).
Function LinSys
The Magma function LinearSystem computes only linear systems of curves with ordinary singularities. To overcome this restriction, we define the func- In this function the blow-up at a point with coordinates (x, y) = (a, b) is given by evaluating the elements of L at (x, (x − a)y + b), except if the tangent direction is the one of the vector (0, 1), when it is given by evaluating at ((y − b)x + a, y). So, by default, the exceptional divisor corresponding to the blow-up at (a, b) is the line of equation x = a, except if the tangent direction is (0, 1), when it is the line of equation y = b.
For example, a linear system of cubic curves with an assigned cusp can be obtained as follows:
Now we start with the example. We fix six points p 1 , . . . , p 6 in the affine plane A and we use the above function LinSys to compute a linear system of sextic curves through p 1 , . . . , p 4 having a (3, 3)-point at p 5 and a tacnode at p 6 .
We obtain that J has 6 sections and has no base component.
Procedure CndMt
We want to impose another tacnode to the elements of J. Fixing such a point and using the function LinSys, we obtain (with probability 1) a system with no sections. This is because we are imposing 6 conditions to a linear system of dimension 5.
Let (a, b), (u, v) be the coordinates of points p 7 , p 8 such that p 8 is infinitely near to p 7 . We suppose that the blow-up is not at infinity and that the exceptional curve has equation x − a. Notice that then a = u. Denote the equations of the sections of J by j 1 , . . . , j 6 and let j 0 i be the equation obtained from j i by blowing-up at p 7 , i.e. by evaluating j i at (x, (x−a)y+b). There are unique polynomials h i , g i , k i such that j 0 i = h i (x−a) 2 +g i (x−a)+k i and g i , k i are not divisible by x − a. If the curves of J have a double point at p 7 , then k i = g i = 0, ∀i. To obtain double points at p 7 , p 8 we impose conditions, vanishing of derivatives, to the equations j i and h i , i = 1, . . . , 6. Consider the matrix
If there is a tacnode at p 7 , the maximal minors (in this case the determinant) of this matrix vanish.
To define such a matrix of conditions in a more general case, involving curves with more complicated singularities, we define, in Appendix A, the Magma procedure CndM t(R, J, P, M, T,~Eq,~U,~M t).
In this example we have the input
As output we obtain the matrix M t, the sequence of equations Eq = [a − u] and the sequence U = [u] . The sequence P is empty because we have not assigned the point p 7 . So we also have assigned no tangent direction and then T is empty.
The elements in Eq will be used to obtain infinitely near points and the elements in U will be used to differentiate points from other assigned singular points. This is achieved using the auxiliary parameter n : if there exists n such that 1 + n(u − c) = 0, then u = c.
Function CndSch
Let us return to our example. We want to find (a, b, u, v) such that:
1. the maximal minors of Mt vanish; 2. a − u = 0 (p 8 is infinitely near to p 7 ); 3. 1 + na(a − 1)(a − 2)(a − 3) = 0 (this implies that p 7 ≡ (a, b) is not a base point of J).
Let S ⊂ R be the scheme defined by these conditions, where R is an affine space of dimension 5 with variables (a, b, u, v, n). If we are able to compute a point in S, then we use the function LinSys to compute the sections of J which have a tacnode at p 7 .
In Appendix A we define a Magma function which gives such a scheme S. The usage is CndSch(J, P, M, T, d). Here J can be a sequence of linear systems and one can impose that the last m linear systems of J do not have certain singularities at the points in P. This is done by considering d = m in CndSch. In this case S contains an equation
where α i is one of the maximal minors of a matrix of conditions. In this scheme a tangent direction is given by a single variable t, corresponding to the vector (1, t) . This means that we are not blowing-up at infinity. To overcome this restriction, one is allowed to assign some (0, 1)-directions (see the example in Section 3.1). For example, to obtain a cusp, we can write P : (4, 5, 4, 6, 4, 7, n) . This corresponds to an ordinary double point.
Remark 1 Notice that we have the following limitations, which, for practical purposes, are not very restrictive: using item 3 above we may exclude solutions which are not base points of J; the non-existence of certain singularities corresponds to the non-vanishing of certain minors, which can be different from the minors chosen in equation (1).
Now, proceeding with the example, we just need to type: 
Curve construction
Since S is zero dimensional, it only remains to find a point in S and then to use the function LinSys to compute the singular curve C.
> PointsOverSplittingField(S);
One of the solutions is (5, 9, 5, 49/12, −1). To verify that C is as stated, one uses the functions referred below.
More examples
In each of the following four sections we compute a plane curve C. Here we do not verify that C is a reduced curve having the stated singularities. These verifications can be done using the following Magma functions: P rojectiveClosure, IsReduced, SingularP oints, HasSingularP ointsOverExtension and ResolutionGraph.
A quintic singular curve
Here we compute a reduced degree 5 curve tangent to the line of equation x = y at the point (1, 1) and having a double point at (0, 0) which resolves to a cusp after 5 blow-ups. To exclude a non-reduced curve solution we need to impose the non-existence of a conic through 6 infinitely near points (notice the input d = 1 in CndSch). [1, 1] ],[ [1, 0] , [1, 1] , [1, 2] , [1, 3] [1, 1] ],[ [1, 0] , [1, 1] , [1, 2] , [1, 3] 3.2 A degree 10 curve with a quadruple point and 5 triple tacnodes
The paper [St] contains the construction of some branch curves of plane models of double planes of general type with p g = 0 and K 2 = 1, known as numerical Godeaux surfaces. In this section we compute the equation of one of these reduced curves C. It is a reducible degree 10 curve with 5 (3, 3)-points and a quadruple point. [1, 1] , [1, 1] , [1, 1] , [1, 1] 3.3 A sextic curve with 10 infinitely near double points
The paper [BRA] contains the construction of an irreducible plane sextic curve with an A 19 singularity, i.e. with 10 infinitely near double points. In this section we use our algorithm to find an equation of such a curve C.
We start by fixing 7 infinitely near double points, so our input contains a point in an affine plane and 6 tangent directions. A non-reduced solution always exists, it is a double cubic. To exclude this possibility the input also contains a linear system of cubics and we set d = 1 in CndSch(L, P, M, T, d).
Running the following lines in Magma one obtains the sextic C. [1, 0] , [1, 1] , [1, 2] , [1, 3] , [1, 4] , [1, 5] [1, 0] , [1, 1] , [1, 2] , [1, 3] , [1, 4] , [1, 5] 
3.4 A double plane of general type with p g = 0 and K 2 = 7
Here we construct the branch locus B of a plane model of a minimal double plane X of general type with p g = 0 and K 2 = 7 such that the bicanonical map of X does not factor through the corresponding double cover. This is, to my knowledge, a new example.
We have B = C + 4 1 H i , where C is a reduced curve of degree 20 having the following singularities: a point p 0 of multiplicity 8, points p i of type (6, 6) with branches tangent to the line H i through p 0 , p i , i = 1, . . . , 4, and a point p 5 of type (5, 5). We have C = C 6 + C 14 , where C 6 , C 14 are curves of degrees 6, 14, respectively. The curve C 14 is an element of a pencil of curves which has a double element 2C 7 .
We start by fixing p 0 , . . . , p 4 and we compute p 5 such that the curves C 6 and C 7 do exist.
> A<x,y>:=AffineSpace(Rationals(),2);
The scheme S is not zero dimensional.
> R:=Ambient(S); > S:=Scheme(S,R.1-5);
This scheme is zero dimensional. We compute the curve. One can verify that C is reduced and the singularities are as stated. Now we show that p g (X) = 0. Let D be the linear system of curves of degree 9 having singularities of types (3, 2) at p 1 , . . . , p 4 , with branches tangent to H 1 , . . . , H 4 , and having a double point at p 5 with one branch tangent to B. One can see that p g (X) is equal to the number of generators of D. Using the function LinSys we confirm that p g (X) = 0.
Finally it remains to confirm that K 2 X = 7. We have h 0 (X, O X (2K X )) = K 2 X +χ(X) for X minimal of general type. One can use the Magma function Linsys to compute the dimension of the invariant and anti-invariant parts of the bicanonical system of X, obtaining h 0 (X, O X (2K X )) = 8. 
